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EXTENSION OF HUYGENS' APPROXIMATION.

EXTENSION OF HUYGENS' APPROXIMATION TO A CIRCULAR ARC.
HUYGENS' approximation * to the length of a circular arc is I(8/1 -o0), where 10 is the chord of the arc and 11 is the chord of half the arc. This result is most easily obtained from the series for sin( ) and sin(R by neglecting powers of R beyond the third, L being the true length of the arc and R the radius of the circle. For arcs less than 45?' Huygens' rule is very accurate, the error for an arc of 30? being less than 1 in 300,000.
The general form of the approximation when powers of R beyond the 15L2= 12 -5.231 + 10, 3. 15. 63L3= 2153-21. 2812 + 21.231 -o, 3.15.63. 255L4 = 2244 -85. 2153 + 357. 2812 -85. 2311 + o, 3. 15.63. 255.1023L5 = 28l15 -341. 22414 + 5797. 21513 -5797. 2812 + 341. 231, -o. If the proof is given for the approximation L3 there will be no difficulty in detecting its generality on account of the symmetry of the determinants employed.
From the expansion of sin 0 in terms of 0 we have:
~or lo= L 3!22R2 5!24R4 7!26R6 j *Huygens published his approximation in 1654 in his "De Circuli Magnitudine inventa" in the following form: "Any arc less than a semicircle is greater than its subtense together with one third of the difference, by which the subtense exceeds the sine, and less than the subtense together with a quantity, which is to the said third, as four times the subtense added to the sine is to twice the subtense with three times the sine." If we apply the former part of this proposition to half the arc we obtain the rule as generally stated.
THE MATHEMATICAL GAZET'lE.
Writing down the similar expansions for 11, 12 and 13, neglecting powers of L beyond the sixth in each case, we can immediately eliminate L2 L4 Z6 and 3!R2' 5!R4 ' 7!R6 in the form of a determinant, lo-L 2-2 2-4 2-6 =0, 1 -L 2-6 2-9 2-13 I-2 12-2-8 2-14 2-20 2 4 13 L 2-11 2-19 2-27 and calling the value of L obtained from this equation L3 we have L3 1 1 1 1 =01 1 1 2-1 2-3 2-5 2-7 1 2-3 2-5 2-7 2-2 2-6 2-10 2-14 12 2-6 2-10 2-14 2-3 2-9 2-15 2-21 13 2-9 2-15 2-21
These determinants may be reduced immediately if it is remembered that
In expanding the determinant of the left-hand member of the equation in this way, the power of 2 which may be taken out as a factor will be 2-3. -6.2-7 = 2-34. So the powers of 2 which may be extracted as factors from the minors of 10, 11, 12, and 13 of the right-hand member are 2-34, 234+3, 2-34+3+5 2-34+3+5+7 respectively. To give some indication of the degree of approximation afforded by these results the formula for L, was used to find the length of the arc of a quadrant of a circle; or taking the radius of the circle to be unity we may approximate to the value of 2, the chords 10, l, 12 ... becoming
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The formula is in this case: +341.24 sin 3-2sin -.
The first four terms in the right-hand member of this equation were evaluated from Vlack's ten-figure table of logarithms, the values for the six terms being 1,686,460,375-5 -561,435,335-5 37,237,906-7 -579,040'5 2,087'9 -14 =1,723,700,370'1 -562,014,377'4. 
